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We define a group G to be graphically abelian if the function g 7→ g−1 induces an auto-
morphism of every Cayley graph of G. We give equivalent characterizations of graphically
abelian groups, note features of the adjacency matrices for Cayley graphs of graphically
abelian groups, and show that a non-abelian group G is graphically abelian if and only if
G = E × Q , where E is an elementary abelian 2-group and Q is a quaternion group.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
The idea of a non-abelian group whose Cayley graph has properties associated with abelian groups has been around for
at least a decade. The idea appeared in 1996 in [2], which made use of Cayley sets that are stable under conjugation. Cayley
graphs with such Cayley sets were later named quasi-abelian in [6], and since then there have been a number of papers on
the special properties of quasi-abelian Cayley graphs, sometimes also called normal Cayley graphs, although this term has
also been used in other ways. A brief review (up to 2002) and bibliography for quasi-abelian Cayley graphs can be found
in [7].
Being quasi-abelian is a graphical property. Here we investigate what it means for every Cayley graph of a group to be
quasi-abelian, a condition that is group-theoretic and so leads to a classification of all such groups.
The authors thank an anonymous referee for suggesting an approach that has beenused to clarify the proof of Theorem16.
2. Basic definitions
A subset S of a groupG is aCayley subset if 1G 6∈ S and S = S−1. For eachCayley subset of a groupG, there is a corresponding
Cayley graph denoted by Cay (G, S). The vertices of Cay (G, S) are the elements of G, and the edges correspond to the sets
{g, gs} for s ∈ S. Equivalently, for g, h ∈ G, {g, h} is an edge if and only if g−1h ∈ S, in which case we also write g ∼ h. Since
we view any Cayley graph of G as being equipped with vertices labeled by the elements of G, we may meaningfully speak
of a pair of Cayley graphs for G being equal rather than just being isomorphic. This distinction comes up in the discussion of
the Cayley graphs of opposite groups.
We use CG to denote a vector space with basis the elements of a finite group G. (The algebra structure of CG is not
a consideration here.) For a finite group G, the Cayley graph Cay (G, S) has an adjacency matrix denoted by AS relative
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to some ordering of G, and this matrix determines a linear automorphism αS of CG and the dual automorphism α∗S of
C∗G = Hom(CG,C). The transformation α∗S is characterized by
(α∗S f )(g) =
∑
s∈S
f (gs) (1)
for any function f : G→ C and any g ∈ G.
For any vector space V , we let GL(V ) denote the general linear group on V . The left regular representationρL : G→ GL(CG)
is induced from a permutation of the basis G of CG by
ρL(g) : h 7→ gh g, h ∈ G,
and the right regular representation ρR : G→ GL(CG) is induced by
ρR(g) : h 7→ hg−1 g, h ∈ G.
Note, by virtue of our choice of adjacency conventions for Cayley graphs, that the image of the left regular representation
consists of Cayley graph automorphisms for every Cayley graph of G. The image of the right regular representation does not
necessarily have this property, but see Proposition 9.
Any representationρ : G→ GL(V ) gives rise to a dual representationρ∗ : G→ GL(V ∗), defined for each g ∈ G and linear
T : V → C by ρ∗(g) : T 7→ T ◦ ρ(g−1). For the left and right regular representations, this becomes (ρ∗L (g)f )(h) = f (g−1h)
and (ρ∗R (g)f )(h) = f (hg) for any function f : G → C. Moreover, the dual actions behave as left and right representations
on the basis dual to G, for example ρ∗L (g) : h∗ 7→ (gh)∗.
For a finite group G, Eq. (1) can be expressed as
(α∗S f )(g) =
∑
s∈S
(ρ∗R (s)f )(g),
and from this it follows that
α∗S =
∑
s∈S
ρ∗R (s), (2)
so the adjacency matrix for Cay (G, S) is determined by the action of the right regular representation on S.
A group G is abelian if and only if themap g 7→ g−1 is a group automorphism. A Cayley graphΓ is said to be quasi-abelian
if the map g 7→ g−1 induces a graph automorphism of Γ . We extend this idea by saying that a group G is graphically abelian
if the map g 7→ g−1 induces an automorphism of every Cayley graph of G. A group automorphism that stabilizes a Cayley
set S induces a graph automorphism of Cay (G, S), so all abelian groups are graphically abelian, and it is the non-abelian
graphically abelian groups that are of interest.
In a group G, we shall call a subset S normal if g−1Sg = S for every g ∈ G. Recall that if all subgroups of G are normal,
then G is said to be Hamiltonian.
A group Q is called a quaternion group if Q is isomorphic to a group with presentation〈
a, b | a4 = 1 = b4, a2 = b2, bab−1 = a−1〉 . (3)
Q is a group of order 8.
Following the terminology in [4], we shall call group G balanced if and only if, for every pair of elements g, h ∈ G, either
g and h commute or g2 = h2.
For any group G, the opposite group G• is defined to be the group whose elements are the elements of G and whose binary
operation • is defined by g • h = hg for all g, h ∈ G.
If Γ and ∆ are two graphs, then their Cartesian product, Γ∆, is the graph whose vertex set is the Cartesian product
VΓ ×V∆ andwhose adjacency relations are (v1, v2) ∼ (w1, w2) if and only if either v1 ∼ w1 in Γ and v2 = w2, or v1 = w1
and v2 ∼ w2 in∆.
3. Conditions related to being graphically abelian
Some of these conditions appear in the literature on quasi-abelian groups. We think it is useful to collect such results in
one place with a common notation and appropriately interrelated proofs.
Proposition 1. A group is graphically abelian if and only if all of its Cayley subsets are normal.
Proof.
G is graphically abelian ⇐⇒ {g−1, (gs)−1} ∈ ECay (G, S) for all s ∈ S,
⇐⇒ gs−1g−1 ∈ S for all s ∈ S,
⇐⇒ S is normal . 
This argument occurs in [2], although the vocabulary for stating the theorem did not yet exist.
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Corollary 2. If a group G is graphically abelian, then G is Hamiltonian.
The converse of Corollary 2 is not true, for reasons that ultimately trace back to the next proposition.
Proposition 3. A group G is graphically abelian if and only if each element of G is either fixed or inverted by conjugation.
Proof. If each element of G is either fixed or inverted by conjugation, then all Cayley subsets of G are normal and so G is
graphically abelian. Conversely, let G be graphically abelian and let s ∈ G. The set {s, s−1} is a Cayley subset of G and so must
be normal. Then conjugating by g ∈ G either fixes both s and s−1 or interchanges them. 
In a Hamiltonian group, conjugation must take the element g to some power g r since 〈g〉 is a normal subgroup, but r
does not have to be±1 as it does in the graphically abelian case, and so not all Hamiltonian groups are graphically abelian.
Corollary 4. In a graphically abelian group, all involutions must be central.
We shall see in Proposition 14 that a converse is true: all central elements in a graphically abelian group must be
involutions.
Proposition 5. The group G is balanced if and only if G is graphically abelian.
Proof. We first make a translation of the balanced conditions. Let g, x ∈ G. It is easy to check that g commutes with gx if
and only if x = g−1xg , and g2 = (gx)2 if and only if x−1 = g−1xg .
In view of these translations, if G is balanced, then conjugation either fixes or inverts every element, so G is graphically
abelian.
Conversely, if G is graphically abelian, let g, h ∈ G. Choose x ∈ G so that h = gx. Conjugation either fixes or inverts
every element, so the above translations indicate that either g commutes with gx = h or else g2 = (gx)2 = h2, making G
balanced. 
Let µ : G× G→ G denote the binary operation in the group G.
Proposition 6. For any Cayley subset S ⊂ G, the binary operation map µ induces a Cayley graph homomorphism Cay (G, S)
Cay (G, S)→ Cay (G, S) if and only if S is a normal Cayley subset of G.
This result appears in [3].
Proof. For any g, h ∈ G and any s ∈ S, we have, in ΓΓ , the adjacencies (g, h) ∼ (g, hs) and (g, h) ∼ (gs, h). Applying
µ to the first adjacency yields the vertices gh and ghs, which are always adjacent in Γ . Applying µ to the second adjacency
gives gh ∼ gsh in Γ , or equivalently h ∼ sh, which is true if and only if h−1sh ∈ S. It follows that µ extends to a graph
homomorphism if and only if S is a normal Cayley subset of G. 
Corollary 7. The binary operation map µ extends to a Cayley graph homomorphism for all Cayley graphs of G if and only if G is
graphically abelian.
Proposition 8. A group G is graphically abelian if and only if, for each Cayley subset S ⊂ G, Cay (G, S) = Cay (G•, S).
Proof. It is easily verified that, in all cases, the map induced by φ : g 7→ g−1 gives an isomorphism of Cay (G, S) with
Cay (G•, S). If these two graphs are identical, then this map becomes an automorphism of Cay (G, S), and so Cay (G, S) is
graphically abelian. Conversely, ifG is graphically abelian, then themapφmay be regarded as an automorphism of Cay (G, S)
as well as an isomorphism Cay (G, S) ∼= Cay (G•, S). As an automorphism, Cay (G, S) = φ(Cay (G, S)). As an isomorphism,
φ(Cay (G, S)) = Cay (G•, S). Together these show that Cay (G, S) = Cay (G•, S). 
Proposition 9. A group G is graphically abelian if and only if the image of the right regular representation is contained in the
automorphism group of every Cayley graph of G.
This result, for quasi-abelian Cayley graphs, appears in [6]. Any apparent differences stem from the use of the alternative
definition of adjacency for Cayley graphs.
Proof. For any group G and any Cayley subset S ⊂ G, The image of the right regular representation is easily seen to be a
subgroup of the automorphism group of Cay (G•, S). If G is graphically abelian, then the fact that Cay (G, S) = Cay (G•, S)
means that this image belongs to the automorphism group of G.
Conversely, suppose the image of the right regular representation is contained in the automorphism group of Cay (G, S)
for every Cayley set S. For each g ∈ G and any s ∈ S, we have g ∼ gs. Since the image ofρR consists of graph homomorphisms,
we may apply ρR(g) to both sides of the previous adjacency to get 1G ∼ gsg−1. Since the neighborhood of 1G in Cay (G, S)
is S, this indicates that gsg−1 ⊆ S for every s ∈ S and g ∈ G, making every Cayley set S normal and so making G graphically
abelian. 
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For a graphically abelian group G, there is an analog of Eq. (2) indicating that the dual adjacency transformation for any
Cayley graph Cay (G, S) is determined by the action of the left regular representation on S.
Proposition 10. Let G be a finite graphically abelian group, S a Cayley subset of G, and α∗S the dual adjacency transformation for
Cay (G, S). Then α∗S =
∑
s∈S ρ
∗
L (s).
Proof. Since G is graphically abelian, S is a normal subset of G, so for each g ∈ G, we have {g−1sg | s ∈ S} = S. Then for any
f : G→ C and each g ∈ G, we have from Eq. (1) that
(α∗S f )(g) =
∑
s∈S
f (gs) =
∑
s∈S
f
(
g(g−1sg)
) =∑
s∈S
f (sg).
Using the result above and the definition of the dual left regular representation,
(α∗S f )(g) =
∑
s∈S
f (sg) =
∑
s∈S
(
ρ∗L (s
−1)f
)
(g)
=
[(∑
s∈S
ρ∗L (s
−1)
)
f
]
(g) =
[(∑
s∈S
ρ∗L (s)
)
f
]
(g),
with the final step justified by the closure of S under inversion. Since these equalities hold for all f and g , we have
α∗S =
∑
s∈S ρ
∗
L (s). 
Elements of GL(CG) corresponding to graph automorphisms of Cay (G, S) constitute the centralizer of αS in GL(CG), and
the same holds for the duals of graph automorphisms and α∗S in GL(C
∗
G). In particular, the image of the dual left regular
representation ρ∗L consists of the duals of Cayley graph automorphisms, and so each ρ
∗
L (g) commutes with every α
∗
S . This
has the following consequence:
Proposition 11. If G is a finite graphically abelian group, then every pair of Cayley graphs of G have commuting adjacency
matrices.
This result, for quasi-abelian Cayley graphs, appears in [5] as a consequence of an explicit computation of the graph’s
eigenvectors in terms of the regular representation. The proof below is different and shorter, but of course does not include
specific information about the eigenvectors.
Proof. Assume thatG is graphically abelian and let Cay (G, S) andCay (G, T ) be Cayley graphswith associated dual adjacency
transformations α∗S and α
∗
T . Using Proposition 10, write α
∗
S =
∑
s∈S ρ
∗
L (s). Then α
∗
Sα
∗
T =
∑
s∈S ρ
∗
L (s)α
∗
T and α
∗
Tα
∗
S =∑
s∈S α
∗
Tρ
∗
L (s). Since each ρ
∗
L (s), s ∈ S, is the dual of an automorphism of Cay (G, T ), it commutes with α∗T , and so the sums
representing α∗Sα
∗
T and α
∗
Tα
∗
S are equal. 
Alternatively, the proof could have used Eq. (2) and Proposition 9.
Corollary 12. If G is a finite graphically abelian group, then the adjacency matrices for all Cayley graphs of G can be simultane-
ously diagonalized. i.e., have a common basis of eigenvectors.
Proof. The adjacency matrices are real symmetric and so are individually diagonalizable. Since they commute in pairs, they
are simultaneously diagonalizable. 
4. Structure of non-abelian graphically abelian groups
Arguments similar to those employed for the characterization of Hamiltonian groups (as in [1], for example) can be
streamlined and combined with features of the graphically abelian case to obtain a classification of graphically abelian
groups.
Proposition 13. Let G be a non-abelian graphically abelian group and let a, b ∈ G be a pair of non-commuting elements. Then
the subgroup 〈a, b〉 is a quaternion group.
Proof. The group G is graphically abelian, a and b do not commute, so bab−1 = a−1. The group G is balanced, a and b do
not commute, so a2 = b2. But a and b−1 must also fail to commute, hence a2 = b−2. Consequently, b4 = 1 and so also
a4 = 1. Note, however, that neither a nor b can be of order 2, because, for example, the relation bab−1 = a−1 would become
bab−1 = a and then a and b would commute. Hence, a and b are of order 4, a and b satisfy the defining relations (3) of a
quaternion group, and so 〈a, b〉must be a quotient of a quaternion group. Since 〈a〉 is a proper subgroup of 〈a, b〉 of order 4,
〈a, b〉 has order at least 8 and so 〈a, b〉must in fact be a quaternion group. 
Proposition 14. Let G be a graphically abelian group, let Q = 〈a, b〉 be a quaternion subgroup generated by a pair of non-
commuting elements, and let ZG(Q ) denote the centralizer in G of Q . Then every element of ZG(Q ) is an involution.
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Proof. Let t ∈ ZG(Q ). Then tb does not commute with a, for otherwise
(tb)a = a(tb) = tab⇒ ba = ab.
Consequently, since G is balanced, (tb)2 = a2. But a2 = b2 and, since t is central, (tb)2 = t2b2. We now have t2b2 = b2,
whence t2 = 1. 
Corollary 15. The group ZG(Q ) is abelian, and so is an elementary abelian 2-group.
Proof. IfZG(Q ) had a pair of non-commuting elements, then it would contain a quaternion subgroup and so have elements
of order 4. 
Theorem 16. G is a non-abelian graphically abelian group if and only if G = E × Q , where E is an elementary abelian 2-group
(which could be trivial) and Q is a quaternion group.
Proof. Let G be a non-abelian graphically abelian group and let Q = 〈a, b〉 be a proper quaternion subgroup, there being
nothing to prove if G = Q . The product G = ZG(Q )Q represents G as a product of normal subgroups (recall that all
subgroups of G are normal), but this product is not direct becauseZG(Q )∩Q = {1, a2}. We can still extract a direct product
representation for G becauseZG(Q ) has {1, a2} as a direct factor which can be split off. Using the fact thatZG(Q ) is a vector
space over Z2, begin with a2, extend it to a basis, and then let E be the subspace spanned by all basis elements other than
a2. So E is an elementary abelian 2-group (necessarily normal in G) such that E × {1, a2} = ZG(Q ), E ∩ Q = {1}, and
ZG(Q ) ⊂ EQ . It remains to be seen that G = EQ .
Let g ∈ G be an element that is neither in Q nor in E. There are four possible commutativity relationships between g
and the quaternion subgroup generators a and b: (1) g commutes with a and b, (2) g commutes with neither a nor b, (3) g
commutes with a but not b, and (4) g commutes with b but not a.
To conclude that g ∈ EQ in each of these cases, we use the following observation: if gx, for any x ∈ {1, a, b, ab}, commutes
with both a and b, then gx ∈ ZG(Q ) and consequently gx = ea2 for some e ∈ E, e 6= 1. Solving for g and recalling the possible
values of x, we see that g ∈ EQ .
We now consider the four cases in the light of this observation.
In Case (1), we are done by the preceding observation.
In Case (2), we satisfy the conditions of the preceding observation by showing that gab commutes with both a and b. For
a, compute
(gab)a(gab)−1 = (ga)(bab−1)(a−1g−1) = ga−1g−1 = a,
and the computation for b is similar.
In Case (3), we also have ga commuting with a. If ga commutes with b we are done by the preceding observation,
so suppose that ga does not commute with b. Then since G is balanced, (ga)2 = b2 = a2. But g commutes with a, so
(ga)2 = g2a2. It now follows that g2 = 1, which means, by Corollary 4, that g ∈ ZG(Q ) ⊂ EQ .
In Case (4), the argument is analogous to the argument for Case (3), and this completes the proof that G = E × Q .
Conversely, suppose G = E × Q with E and Q as described above. To show that G is graphically abelian, we must show
that conjugation in G either fixes or inverts every element of G, so consider a generic computation: (e1q1)(e2q2)(e1q1)−1 =
(q1q2q−11 )e2 = (q1q2q−11 )e−12 for ei ∈ E, qi ∈ Q , i = 1, 2. This last result is equal to (e2q2)−1 if and only if conjugation in Q
either fixes or inverts every element of Q , and this is easily checked from the presentation of Q given in Eq. (3). 
In [4], Weld and McCabe define an ambiguous group G to be a group whose binary operation µ : G × G → G
cannot be determined from the entire set of Cayley graphs of G. Their classification of ambiguous groups yields the same
characterization given in Theorem 16, and so we have the following corollary.
Corollary 17. The ambiguous groups are precisely the non-abelian graphically abelian groups.
Reinhold Baer proved in [1] that G is a non-abelian Hamiltonian group if and only if G = A × E × Q , with E and Q as
described above and A an abelian group with every element of odd order. As a consequence,
Corollary 18. The non-abelian graphically abelian groups are those non-abelian Hamiltonian groups with no elements of odd
order.
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